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Abstract. Bivariate, hyperbolic third-order linear partial differential
operators under the gauge transformations L — g(z,y) ! o L o g(z, %)
are considered. The existence of a factorization, the existence of a factor-
ization that extends a given factorization of the symbol of the operator
are expressed in terms of the invariants of some known generating set
of invariants. The operation of taking the formal adjoint can be also de-
fined for equivalent classes of LPDOs, and explicit formulae defining this
operation in the space invariants were obtained.

1 Introduction

Nowadays, constructive factorization algorithms are greatly in demand, being
used in recent algorithms for the exact solution of Linear Partial Differential
Equations (LPDEs). For example, they are used in the numerous generaliza-
tions and modifications of the 18th-century Laplace-Transformations Method,
in the Loewy decomposition method, and in other methods (see for example [1-
6]). Both the property of having a factorization, and the property of having a
factorization that extends a certain factorization of the (principal) symbol are
invariant under Gauge transformations of LPDOs, viz. L — g(x,y) toLog(z,y),
and therefore can be described invariantly in terms of the invariants of a gener-
ating set of invariants, if such a set is known.

The Laplace Transformations Method [7] is an example of the use of an
invariant description of factorization properties for a second-order hyperbolic
operator. The normalized form of such operators is

L=D,oDy+aD,+bDy,+c, (1)
where all the coefficients are functions of x and y, and the Laplace invariants
h=c—ay;—ab, k=c—by—ab (2)

form a generating set of invariants with respect to the Gauge transformations.
It is easy to see that L is factorable if and only if h or k is zero. Moreover, the



factorization of the principal symbol Sym(L) = X - Y can be extended if and
only if A =0, while Sym(L) =Y - X can be extended if and only if £ = 0.

The method of Laplace starts with an initial operator L and applies two
transformations L — L; and L — L_; called Laplace transformations until one
of the transformed operators is factorable (the Laplace transformations are ad-
mitted by operators of the form (1)). The Laplace invariants of the transformed
operators L and L_; can be expressed in terms of the invariants of the initial
operator:

hy=2h—k — Oyy(In|h|), ky =h, hoy =k, k_y =2k — h — Oy (In |k|) .

So assuming that L is not factorable, and so h # 0,k # 0, only one invariant
for each of the transformed operators can vanish. In such the way, instead of a
sequence of operators, one considers the chain of their Laplace invariants

ok gk 1ok he hy o hye— ... . (3)

One iterates the Laplace transformations until one of the Laplace invariants
in the sequence (3) vanishes. In this case, one can solve the corresponding trans-
formed equation in quadratures and then use the inverse substitution to obtain
the complete solution of the original equation. What is more, one may prove
(see for example [8]) that if the chain (3) is finite in both directions, then one
may obtain a quadrature-free expression for the general solution of the original
equation.

In the case considered by Laplace, the invariants A and k can be simply
obtained from the incomplete factorizations, L = (D + b) o (D, + a) + h =
(Dy + a) o (Dy +b) + k. That is why the invariant necessary and sufficient
conditions of factorizations becomes so simple (h = 0 or k = 0). For hyperbolic
operators of the next order — order three — the situation become much more
difficult: the “remainder” of an incomplete factorization is not invariant in the
generic case, and the invariant conditions are not trivial.

In the present paper we find invariant necessary and sufficient conditions of
factorizations extending given (we consider all the possibilities) factorizations of
the principal symbol of third-order bivariate hyperbolic linear partial differential
operators. These invariant conditions are given in terms of invariants of the
generating set of invariants found in [9]. Also in the scope of the paper we
investigate the classical operation of taking the formal adjoint of an operator,
define it on the equivalent classes of the considered LPDOs, and obtain explicit
formulae in the space of invariants. Some instances of the latter result allow us
to reduce the number of case considerations when finding an invariant definition
of the property of the existence of a factorization.

The paper is organized as follows. In Section 2 preliminaries facts and def-
initions are given. In Section 3 we discuss connections between factorization of
LPDOs and invariants of a family of LPDOs under the gauge transformations,
also we show how we reduce the number of factorization types to consider to just
four ones. In Sections 4, 5, and 6, the existence of factorizations of these four
factorization types has been expressed in terms of invariants of the generating



system of invariants found in [9]. In Section 7 the operation of taking the formal
adjoint is defined in the space of invariants.

2 Definitions and Notations

Consider a field K with commuting derivations d,, d, acting on it. Consider the
ring of linear differential operators K[D] = K[D,, D], where D,,, D,, correspond
to the derivations 9,0y, respectively. In K[D] the variables D,, D, commute
with each other, but not with elements of K. For ¢ € K we have the relation
D;a = aD;+9;(a). Any operator L € K[D] is of the form L = Z?H:O a;; DLDJ,
where a;; € K. The polynomial Sym; = >, ,_;a;;X'Y7 in formal variables
X,Y is called the (principal) symbol of L. An operator L € K[D] is said to be
hyperbolic if its symbol is completely factorable (all factors are of first order)
and each factor has multiplicity one.

Let K* denote the set of invertible elements in K. For L € K[D] and every
g € K* consider the gauge transformation L — ¢g~! o L o g. Then an algebraic
differential expression I in coefficients of L is invariant under the gauge trans-
formations (we consider only these in the present paper) if it is unaltered by
these transformations. Trivial examples of invariants are the coefficients of the
symbol of the operator. A generating set of invariants is a basis in which all
possible differential invariants can be expressed.

We use the usual abbreviations: LPDO for Linear Partial Differential Oper-
ator, LPDE for Linear Partial Differential Equation.

3 Factorization via Invariants

Any hyperbolic third-order LPDO in some system of coordinates has the form

2
L= (pDy +qDy)D.Dy+ > ai;DiDJ (4)
i+j=0

where all the coefficients belong to K (they are some functions of x and y) and
where p, q # 0.

Remark 1. Note that the normalized form of such operators is slightly simpler
than above, namely, one can put without loss of generality p = 1. The introduc-
tion of the parameter p makes all the reasoning symmetric with respect to z and
y, and therefore reduces the number of cases requiring consideration on the way
to our main goal.

Operators of the form (4) admit gauge transformations, and p, ¢ are the trivial
invariants.



Theorem 1. [9] The following form a generating set of invariants for operators

of the form (4):

Ip =D,

Iq =q,

I = 2¢%az0 — qarip + 2a02p” |

Iy = —qp*aozy + ao2pqy + ¢*a20:p — ¢*a20Pe

I3 = a10p? + (2qyp — 3qpy)aso + a30q — a11yp* + a11pyp + gpasoy
—@11020p ,

Iy = ao1q* + (2qpz — 3pga)aoz2 + adyp — 1120 + a119¢x + qPao2s 5)
—ap20a119 ,

Is = agop®q + 2a02p 200 — 2¢°a30pe — ao2a10P® — ao1a20pq
+%a11mpyp2q + lafllypmpzq + (%pmypzq - pmpyp(J)all
+a11Pqa20ps — 50112yP°q + (442D — Pap)azoy — 2a020*a20Px
—a11p*qaz0z + (qp*qy — Pa*Py)azes + 2¢>az0a20:p+
(942yP* — @*PayD + 44%PeDy — 24P qyD — 2qq2PPy) a20
+aspai1apzp?® -

Any set of values of these invariants uniquely defines an equivalent class of
operators of the form (4). All the invariant properties of such operators can be
described in terms of the invariants of the above generating set.

Lemma 1. The property of having a factorization (or a factorization extending
a certain factorization of the symbol) is invariant.

Proof. Let L = FyoFyo...0F}, for some operators F; € K[D]. For every g € K*
giloLog: (giloFlog)o(gfloFgog)O...o(gfloFkog) ,

and since the gauge transformations do not alter the symbol of an LPDO, we
prove the statement of the theorem.

Remark 2. Recall that as for two LPDOs Ly, Ly € K[D] we have
SyleoLz = Syle 'SymL2 )

any factorization of an LPDO extends some factorization of its symbol. In gen-
eral, if L € K[D] and Sym; = S; - ...- S, then we say that the factorization

L=Fo...0F, Symp, =S, Vi€ {l,...,k},
is of the factorization type (S1)...(Sk).

Consider all possible factorizations of the symbol of an LPDO (4), namely
Sym; = (pX + ¢Y)XY. Owing to the non-commutativity of LPDOs one has
to consider factorizations of the polynomial Sym; assuming that factors do not
commute. Thus Sym; = (pX + ¢Y)XY has 12 different factorizations:

(9)(XY),



(XY)(S) ,

(X)YS), (Y)(XS),

(YS)(X), (X)),

(S)X)(Y), (HY)X),

(X)(S)(Y), (Y)(S)(X) ,

(X)X)(S) , V(X)) ,
)

where S = (pX + ¢Y). By Remark (1) it is enough to consider one of the
factorizations for each of the lines of the list above. Thus, there are seven cases
to consider. Proceeding further, we can almost half this number of cases (i.e. 7
cases) once we know how to express generating invariants of the formal adjoint
LT of an LPDO L in terms of generating invariants of L. In Section 7 we find
such formulae, and so only the the following cases need to be considered:

9)(
X)
9)(
X)

>
~

YS

)
)

==

( )
( )
( Y),
(X)(S)(Y) .
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4 Factorization Type (pX + qY)(XY)

Theorem 2. Consider an equivalent class of (4) given by the values of the in-
variants I, Is, I3, 14, Is (5). The operators of the class have a factorization of
the factorization type (pX + qY )(XY) if and only if the following two conditions
hold.

I3¢° — Lip® + pq(phe — qly) + pa(ay — p2) D1 + 2(pyq® — @2p*) 11 — 3pglz = 0,
Lo+ I + 2pg°Iog + ¢* 12y = 0 .

Proof. First, using the formulae of the invariants (5), we express the coefficients
a11, @10, Go1, agp of (4) in terms of these invariants and asg, age. We have, for
example, ajy = (—I +2q%az0 +2a02p?)/(pq), and other expressions are too large
to give them here explicitly. Then an operator (4) of the class has factorization
Fipxtqvy(xy) = (0De+qDy+71)o(Dyy+aD,+bD,+c), where all the coefficients
are functions of x and y, takes place if and only if L—F(, x +4v)(xy) = 0. Equating
the coefficients at Dy,, Dy, Dyy, Dy on the both sides of this equality, one
computes

1 q*azo + agap?
a=ax/p, b=an/q, r=-——L+——"—,
pq pq
¢ = (Lsp® — qpliz + 2¢°pasos + (2q2p + qp=) 11 — 2¢°prazo
2 2, 2 2 3,2
+a02a209°p — q"p~aozy + qp~ao2qy)/(q¢°p°)
as p and g are known to be different from zero. While equating the coefficients of
D, and the “free” coefficients of both sides of that, we get two conditions for the



existence of a factorization, which still involve the coefficients asg and ag2 and,
therefore, are not invariant. On the other hand, by Lemma 1, there should be
a way to describe existence of a factorization (a factorization extending certain
factorization of the symbol) invariantly.

Consider the first condition, which after multiplication by p?q®, can be no-
ticed to be equivalent to the following constrain for invariants of L:

Cio = I3¢" = Lip” +pq(pLre — a11y) +0g(ay —pe) [ +2(pya* — ¢op®) L =3pgls = 0 .

(6)

Consider the second condition multiplied for convenience on both sides by

p?q* (denote the result as Copy = 0). It is a large expression. Consider all the
terms of Cyy with second-order derivatives of asq, aga:

_2p2q4a20x1’ 7_pq5a201’y 72q3p3a0293y 72p2q4a02yy .

Thus, subtracting 2pq®Is, + q312y from Cyg, we cancel the terms with second-
order derivatives of agg, ags. Denote the result of the subtraction by Cpg1. Con-
sider terms of Cyg; containing first-order derivatives of asg, ago:

¢* (I + 2¢°py + 2qpqy + 4p°qu + 4pap. — 3ao2p”)azos , (7)
—¢*p(I + 2¢°py + 2qpqy + 4p*qe + 4pgps — 3ao2p®)acsy (8)
and compare them with those in I5. One can see that the ratio of the coefficient

at ago, in (7) to that in I equals to the ratio of the coefficient at age, in (8) to
that in I, and this ratio is

s =1Is — 3pqapz ,

where I, = %(4p(qu +p4z)+2q(pgy+qpy)+11), that is an invariant. Subtracting
sl from Cppp (denote the result of the subtraction by Cpoz), we cancel all the
terms contaning first-order derivatives of asg, ag2, and get

Coo2 = (I3¢° — Lap® + qp* I — pq* Iy + pa(qy — p2) 1 +2(pyq* — ¢op®) 1 )ao2 + I,
(9)

3 3 2
where I, = %ley _qu(quy _pI4a:) + %IE) +q2p2-[1mc — 34 quz Ily +p-[1-[4 + (_

3¢°%pqa
24P Qua +6420% + ¢*quDy +44P0aDe — C PPz + Py — "5 +5qpqaqy +2p2 ¢ —

m)11+31?2(qq +pq )I4+(2q +q”m)12—pq(3qqy+2qp +4pq )11 —qh I
P Y T 7 P 1 2 z i x x
is an invariant. Comparing (9) with (6), one can notice that the coefficient at
ag2 in Cooz equals (Cyg 4 3pglz). As Cp = 0 is a necessary condition for L to be
factorable with the considered factorization type, the coefficient at agy in Cyoe
becomes just 3pgls. Which is fortunately is canceled in expression for Cyg, when
we combine the results:

Coo = (C10 + 3pgl2)aos + (Is — 3pgaoz) Iz + I + 2pq°Ios + ¢° Iz
= Croao2 + IsIs + I + 2pg° Io, + ¢° 1oy,



Corollary 1 (case p = 1). Consider equivalent classes of (4) possessing the
property p = 1, and given by the values of the invariants I, I, I3, Iy, I5 (5). The
operators of the class have a factorization of the factorization type (X +qY)(XY)
if and only if

Isq® — I + q(Lhe — qlhy) + qayls — 2q, 11 — 3q1> =0 |
ISIZ + Ir + 2q2123? + q312y =0.

3
where IS = q(4qm + 2(](1y + Il) and Ir = %]lxy - q(qu'L/ - I4:v) + q3[5 + qQIlza: -

2
S T+ T Iy + (— 204y + 62 — 200 4 5qqqu)h +3(qqy + 4o ) s+ 2¢. 17 —

q(?)q% + 4Qm)lla: - qlllla:-

5 Factorization Type (X)(Y S)

Theorem 3. Consider an equivalent class of (4) given by the values of the in-
variants I, Is, Is, 14, I5 (5). The operators of the class have a factorization of
the factorization type (X)(pXY + qY?) if and only if

Iy = 2q:2q + 242D — qP4ow + ¢*P2z =0,
_4]92(]1[2 + p2q-[2m + Ir =0 3

where I, = —3/2quqp*Ty + Isq® + $112y@*P* — @plse + (6°pas + 20.¢%) 15 +
(—Pay@®P + 32Pyqp + 262yP* — 302yap* + Papy@®) 1 + (—pya°p — 3yap*) 112

Proof. The case we consider here is much easier than that of section 4. As we
do there first we express agg, 10, o1, @11 in terms of asg, age and the invariants
(5). Then for an operator L (4) of the class consider a factorization of the form

L = (D, +r)o (pDsyy + qDyyaD, + bDy + ¢) | (10)

where all the coefficients belong to K (some functions of z and y). Substituting
just found expressions for agg, a1, ao1, @11, and equating the coefficients at
Dyy, Dyy, Dyy, D, on the both sides of (10), one computes r = (ap2 — ¢2)/q,
a = a, b= —(Iy — 2¢°az0 — ap2p® — P*qx + P2qp)/4/p, ¢ = —(—I3¢* + azoqly —
a30q® — azoqaoep® + ¢*pyaso + qply — ¢*pasoy — 2qp°avzy — qyph + 2qyp°acs —
2qpy 11 — qazop®qz + a202°p*)/q%/p?, as p and ¢ are known to be different from
zero. Equating the coeflicients at D, we get first constrain on invariants,

Iy — 2¢upeq + 242D — qPGuwe + @ Puw = 0 . (11)

Equating the “free” coefficients of the both sides of (10), we get a condition
of existence of a factorization in particular in terms of asy and age. To cancel
denominators, multiply this condition on the both sides by p3¢® (denote the
result as Cpo = 0). Consider all the terms of Cyg with second-order derivatives
of a0, ap2:

p3q3a201r 77q2p4a02my .



Thus, subtracting p?qls, from Cyg, we kill all the terms with second-order deriva-
tives of asg, age. Denote the result of the subtraction by Cpg;. Consider terms
of Cpp1 containing first-order derivatives of asq, ago:

—4q.p°¢*azs 5 44.qp" aosy

and compare them with those in I. One can see that subtracting —4p?q, I from
Coo1 we cancel all the terms containing first-order derivatives of asg, age. Denote
the result of this subtraction by Cygo, then

Cooz = (I1qp® — 2¢°P*@upe + CP°Pan + 200° 2 — PP qua)ano + I, (12)

where I, = —3/2q.qp*ly + Is¢*> + $11290°P* — s + (°pae + 2p20%)Is +
(—=Pay@®P + 342Pyap + 2424yD” — 542yqD* + Papy@®) 1 + (—py@®p — 54yq0°) 15 is
an invariant. The constrain (11) implies that the coefficients at agz in Cooe is
zero provided the factorization (10) takes place. Thus, combining the results, we
have

Coo = —4p°qu 1o + p°qlay + I, .

Corollary 2 (case p = 1). Consider equivalent classes of (4) possessing the
property p = 1, and given by the values of the invariants I, I, Is, Iy, I5 (5). The
operators of the class have a factorization of the factorization type (X)(XY +
qY'?) if and only if

Iy + 2%25 — qqzx 0,
Isq? — 4p%q. Ir + pPqls, + %Im,qQ — I3.¢°—

34:T1yq — 3ay 1120 + @130 + (—3quyq + 240qy) 1 = 0 .

6 Factorization Types (pX + qY)(X)(Y) and
(X)(pX +qY)(Y)

Here we omit all the proofs as they employ similar to the section 4 ideas and are
much simpler.

Theorem 4. Consider an equivalent class of (4) given by the values of the in-
variants I, Is, Is, 14, I5 (5). The operators of the class have a factorization of
the factorization type (pX + qY)(X)(Y) if and only if

Isq* — qpIiy + (qyp + 2qpy) 1 =0,
Lip* — Lixqp + (2qxp + prq) Ly =0,
I5¢* + (pop@® + 24ep®q) L1y — $T12yp* ¢ + (Pypg® + Layp?q) 1o+

(=3paPya® — PoyPq + PayP@® + 30oyP*q — GePyPd — Gqyp®)1 =0 .

Theorem 5. Consider an equivalent class of (4) given by the values of the in-
variants I, Iz, Is, 14, Is (5). The operators of the class have a factorization of



the factorization type (X)(pX + qY)(Y) if and only if

Isq* — qpliy + qupli + 2qpy 11 =0,
2pq:% — 4Pqzx + q2pzz + I4 - 2qu:p:1:q =0 s
Isq* — 3p°¢*Thay + 242qp* Iy + p2g®pliy+

(py@®p + 2ayap?) 11z + (—qoqyp® + Lauyqp®—
3P2Pyq® + Doy @®P — G2Pyap — Polyqp) 1y =0.

7 Formal Adjoint

In this section we consider the operation of taking the formal adjoint of an LPDO,
and define such operation on the equivalent classes of third-order bivariate non-
hyperbolic LPDO. At the end of the section we apply this knowledge to complete
the cases’ consideration in the finding of invariant condition of the property of
the existence of a factorization of certain factorization type.

For an operator L = ngd ayD’, where ay € K, J € N and |J| is the
sum of the components of J, the formal adjoint is defined as

Li(f) =Y (-)VID'(asf), Vf € K .

|J]<d

The formal adjoint possesses the following useful for the factorization theory
properties:

(LN =L, (LioLy)'=LioLl, Sym; = (-1)4"Sym,; .

The property of having a factorization is invariant under the operation of taking
the formal adjoint, while the property of having a factorization of certain fac-
torization type is not invariant, and an operator L has a factorization of some
factorization type (S1)(S2) (where Sym; = S155) if and only if LT has that of
factorization type (S2)(S51).

Lemma 2. The operation of taking the formal adjoint can be defined on the
equivalent classes of LPDOs.

Proof. Show that operation of taking the formal adjoint and the gauge transfor-
mations of LPDOs commute. For every g € K*, and f = g~! we have

(g toLog)t=gloLlo(g Y =goLiogt=ftoLlof.
Ezample 1 (LPDOs of order 2). For operators of the form
L=D,, +aD, +bD, +c

there is a complete generating set of invariants that consists of first-order invari-
ants: h = ¢ — a, — ab and k = ¢ — by — ab. For the formal adjoint

L' =D,, —aD, —bD, +c—a, — b,

theyarehT:cfbyfaband kt =c¢—a, —ab, and so hy = k, k; = h.



Theorem 6 (formal adjoint for equivalent classes). Consider the equiva-
lent classes of (4) given by the values of the invariants I, I, I3, I4, I5 (5). Then
the operation of taking of the formal adjoint is defined by the following formulae

Il = I — 2¢°py — 20%qx + 2p2qp + 2a4ap

I} = —Ir — qp®uy + 4y9%00 + *PPay — Dby

B=-Ii+k (2p12 — (2pya + ayp) 1 + apliy — 2pyqyq°p+
2¢°p; + Quy@*p® — q3ppyy) :

If=-Ii+ p%( —2¢I5 — (p2q + 2q:p) 11 + apliz + 29° 43 — 2p°quqps
+P2e’P® — qp?‘qm) ;

I§ =I5 +pili +psls + pals + proliy + pi1liz + p*Liay — qplss — 2 4y + Po

q
2
—play + - Iow + (=2¢°p° ¢z + 4pya*p — ¢*pli — 2¢°p?ps) [ (a*p) L2

(13)
where py = (4qzpyp + Pedyp — 242yp*) /4 + (4624y0°) /¢ + 3papy — Dayp; P3 =
2qpe + PG Pa = (2qy0* + P*pyq) /0%, Po = PPGulyy — 20°Dall — Q=D Pyy +
PPy — AP QyyPa — 20°Py @y Qe +2q42P% + 24Py PGy P, P11 = —(2pyPg+ay0%) /4,
P12 = —(p2pq + 2¢.0%)/q.

Proof. Consider an operator L in the form (4) of some equivalent class and
express the coefficients ay1, a1g, a1, ago of it in terms of the invariants (5) and
a0, ap2. Then compute the formal adjoint LT, and compute the invariants (5).
The first invariant of LT is already given in terms of the invariants of L and in
the same form as in the statement of the theorem. The second invariant of LT is

I3 = qp*acey — qp*quy — 0020 @y + QP Gu + CPDPuy — 0 0200D — G PaPy + G2 as0ps -

Employing the expression for the invariant I we eliminate asg and ags from this
expression and get I; as it is in the statement of the theorem. Analogously, we
obtain the forms for Ig, I l that are given in the statement of the theorem.

The fifth invariant I, ;r of LT is a large expression containing asy and age, and
their second and first derivatives. The terms containing agay, are canceled if we
add pl,, to Ig. Then the only term containing asgze is p>qasgqs, and we cancel
it by subtraction of p®I5,/q. Then no second-order derivatives are left, and we
notice that the ratio

C = (—2¢°p°q. + 4pyq*p — *pI — 2¢°p*p.)/(¢"'p)

of the coefficient for asg, in the obtained expression to that in I5 is equal to the
ratio of the coefficient for ag, in the obtained expression to that in I5. Thus,
subtracting C'ly, we cancel first-order derivatives, and have as the result the
invariant expression

3
Iss = Is + pi Iy + pals + pals + praliy + pi1lie + p*liey — qplae — %141/ +po ,



where p1 = (4¢zpyp + PeqyP — 242yp°)/q + (4424yP°)/@* + 3papy — PuyD, D3 =
2qpe + Pz, P2 = (2q,0° + P’py@)/®, o = P aulyy — 20°Dal} — 44D’ Pyy +
PPy — AP QyyPa — 20°Pyy e 2992005 + 24Py PqyPx, P11 = —(2pypq+4yp*) /4,
p12 = —(ppq + 2q.p?)/q are differential-algebraic expressions of p and ¢. Thus,

2
Ig = 155 —pIQy + %IQQJ + CIQ .

Theorem 6 is the one that allows us to half the cases necessary to consider
to describe existence of factorizations of different factorizations types. Below is
an example on how to obtain invariant conditions of existence of a factorization
of the certain type of factorizations (XY)(pX + ¢Y), if those are given (found
in the section 4) for the “symmetric” factorization type (pX + ¢Y)(XY).

Corollary 3. Consider an equivalent class of (4) given by the values of the
invariants Iy, Is, I3, 14, I5 (5). Operators of the class have a factorization of fac-
torization type (XY)(pX + qY) if and only if

0=qo — qpls + ¢*Is — p*I4 , .

0=po+p1l1 — 4pqqelz + p3l3 + psls + %15 —q*I3,
—(p4°qy/2 + ¢*py) e + PP qlaw + P s + (pg*) /211y
+p¢*Izz — 3p4°qa /211y

where qg, Po, P1,P3, P4 are expressions of p,q and their derivations, more pre-
cisely, o = =2y 4y > P+ayy P> — 4 PPyy + 4 P*Pay — PP’ Goy —Pea PP + 40 oo+
2¢*p2 — 2043 — P ppapy + QP> 4o + 20° 1Pz . Po = 204° D202y — 20° P42 yps +
20° @ PraPe+80" 400 4rs—10p* @ =59 D20 * € =1 1* Q22 +0° P2z — 50> 1 QwaPa —
AP P2 4e— P4 PraDy +14P3 2 a0 +20° 002 4y + D ¢ P22 @y + P> P laaPy — P> 1P dy Goa—
2022 2Py, P1 = 34%4aPy —2P940Ps —P* 400 — Py +1/PEPPapy+20* 2414 Pra+
204920y — 399wy, P3 = 2¢*ps /P + ¢®du, P1 = 20*P2q + P*qqy — 5P° 0z — PPy*.

Proof. Operators of the class have a factorization of factorization type (XY)(pX+
qY) if and only if their formal adjoints L' have a factorization of factorization
type (—pX — ¢Y)(XY), which by theorem 2 is true if and only if —I;[qg +
Ip* + pa(=phe + aliey) + pg(—gy +2) I +2(=py® + ¢up*) 1] = 3pql} = 0 and
Ist.lg + 1y —2pg2 Iops — q3I2ty = 0. Using the results of section 7, these conditions
can be rewritten in terms of the five invariants (5) of L, and after simplifications
the expressions given in the statement of the theorem can be obtained.

Consider the special case where p and ¢ are constants. Then without loss of
generality one can assume p = g = 1.

Corollary 4 (case of the symbol with constant coefficients). An LPDO
(4) with p = q = 1 has a factorization of factorization type (XY )(X +Y) if and
only if

Iz=0L+1,,

0 =I5+ sy + L1y .



8 Symbol of Constant Coefficients

In the criteria for the existence of factorizations of different factorization types,
the coefficients p and ¢ of the symbol, and their derivatives occur fairly often.
Therefore, it is interesting to look at the structure of the formulae in the impor-
tant particular case in which p and ¢ are constants, and, therefore, there exists
a normal form of the operator with the (principal) symbol (X + Y)XY. Thus,
without loss of generality one can assume p = ¢ = 1, and then combining the
results of the previous sections we obtain the necessary and sufficient conditions

of the existence of factorizations for each of the 12 different types.

Theorem 7. Consider equivalent classes of (4) possesing the property p = q =
1, and given by the values of the invariants I, I, I, I4, I5 (5). Operators of the

class have a factorization of factorization type
(S)(XY) if and only if

Ig*I4+1117I1y7312:0,
I1I2+Ir+2.[2m+.[2y =0,

where I, = %Ilzy — I4y + Ly + 15+ Tgow + Iy — 11 11,
(SY(X)(Y) if and only if

(14) & L—-I;+I1,=0;
(SY(Y)(X) if and only if
(14) & -2 —Ii+11,=0;
(X)(SY) if and only if
Li=0 & Iog+1I5—Isp+114,/2 =0
(X)(S)(Y) if and only if
(15). & Iy—Iy—2I,=0;

(X)(Y)(S) if and only if
(15) & Ig = .[2 3

(XY)(S) if and only if

Ii=Is—1, & ILgy/2+L1i+15=0.

(YS)(X) if and only if
=T, —2I, & Is=101I,.

(XS)(Y) if and only if

I3 — Iy — 2, =0 & I5:I2a:+llxy/2§

(14)



(Y)(SX) if and only if
I3:0 & I5 = (I4+I2)y+-[1]2fjlzy/2 5 (16)

(Y)(X)(S) if and only if
(16) & Iy=-1Is;

(Y)(S)(X) if and only if
(16) & I4 - Ilw = —2[2 ]

Theorem 8 (formal adjoint for equivalent classes). Consider the equiva-
lent classes of (4) possessing the properties p =1 and ¢ = 1 and which are given
by the values of the invariants Iy, Is, I3, I, Is (5). Then the operation of taking
of the formal adjoint is defined by the following formulae

=1,

I =—-1I,,

I =—I3+20+ I, ,

Il =-I, -2, + I, ,

I} = Is 4 Ly — Isg — Loy — Toy + Iy — L 15 .

9 Conclusion

We obtained invariant necessary and sufficient conditions for the existence of
factorizations extending given factorizations of the principal symbol of operators
(any such factorization of the symbol corresponds to a factorization type). We
defined the classical operation of taking the formal adjoint of an operator for the
equivalent classes of the considered LPDOs. In particular, this result allows us to
reduce the number of case considerations when finding an invariant definition of
the property of the existence of a factorization. The existence criterium are found
explicitly for the factorization types (S)(XY), (X)(Y'S), (S)(X)(Y), (X)(S)(Y),
where S = (pX + ¢qY). Invariant conditions for the other eight possibilities of
factorization types can be derived from these ones, and consideration of the most
difficult case (XY')(S) is provided as an example of such derivation.

For the future, it would be interesting to find such conditions in an algorith-
mic way for operators of general order. Another line of investigations might be
the derivation of invariant conditions for generalized factorization in the sense
of Tsarev [6].
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